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ABSTRACT: In this paper we prove that if {A, vr) is an amenable Banach algebra 
and if p is another Banach algebra multiplication on A such that — 7r|| < jj, then 
{A, p) is also amenable. 

1 Introductions 

Let ^ to be a Banach algebra and X an ^-bimodule that is a Banach space. We 
say that X is a Banach A-bimodule if there exists constant C > such that 

||o.x|| < C\\a\\ \\x\\, 

lk-a|| < C||a||||x|| {a£A,xeX). 

If X is a Banach ^-bimodule, then X* is a Banach yl-bimodule for the actions 
defined by 

(o./,x) = {f,x.a) 

{f.a,x) = {f,a.x) {aeAJeX*,x€X). 

The Banach ^-bimodule X* defined in this way is said to be a dual Banach A- 
bimodule. 



A linear mapping D from A into X is a derivation if 

D{ab) = a.D{h)+D{a).b {a,b e A). 

For X G X, the mapping adx '■ A — > X defined by adx{a) = a.x — x.a is a continuous 
derivation. The derivation D is inner if there exists x G X such that D = adx- 
A is said to be amenable if for every Banach A-bimodule X , any continuous deriva- 
tion from A into the dual Banach ^-bimodule X* is inner. This notion has been 
introduced in [2] and has been studied extensively. 

Let A be an Banach algebra. A°^ is another Banach algebra which is the same 
as A as Banach spaces but the product of A°p is the reverse of the product of A i.e. 



a ob = ba 



{a,be A), 
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where o denotes the multipHcation of A°p. 

The so-called multiplication map, denoted by tt, tt : A^A°p — y A is specified 

by 

7r(a (S) b) = ab (a, b E A) 

By the difference between the two multiplications tt and p on a Banach algebra A, 
we mean the norm of tt — p as an operator from A^A"P to A. In [3] Johnson proved 
that if {A, tt) is amenable, then there exists an e > such that if p is another Banach 
algebra multiplication on A such that on ||7r — /9|| < e , then {A,p) is also amenable. 
But that e here depends on the structure of the Banach algebra A. In this paper 
we give a partially different proof for that theorem and we prove the following result: 

If {A, tt) is an amenable Banach algebra, then {A, p) is also amenable for every 
Banach algebra multiplication p on A such that ||7r — p|| < ^. 

2 Perturbations of Banach algebras 

Before going to the mail theorem, we bring two lemmas from [3] that are used in 
our proof. 

For two closed subspaces Y and Z of a Banach space X, their Hausdorff distance 
is defined by 

d{Y,Z) = max{sup{d(y, Z) : < l},snp{d{z,Y) : \\z\\ < 1}} 

Lemma 2.1. Let Y and Z be closed subspaces of a Banach space X. Suppose that 
there is a projection P of X onto Y with \\P\\ < d{Y, Z)~^ — 1. Then P maps Z one 
to one onto Y and the inverse a of P\z satisfies {d = d{Y,Z)) 

\\a\\ < il + d){l - \\P\\d)-^ 
\\a{y) - y\\ < {{1 + d){l - \\P\\dr' - l)\\y\\ 
\\P{z)-z\\ <d(l + ||P||)||z|| 

Proof: See [3, Lemma 5.2]. 

Lemma 2.2. Let Xi and X2 be Banach spaces and S*, T G B{Xi, X2) and let S be 
onto. Suppose that there exists K > such that for all y G X2, there is x G Xi with 
\\x\\ < K\\y\\ and S{x) = y. If K\\S — T\\ < 1, then T will also be onto and for each 
y G X2, there exists x E Xi such that \\x\\ < K{1 — Ke)~^\\y\\ and T{x) = y, where 

e= ||s-r||. 
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Proof: It is a special case of [3, Lemma 6.1]. 

In next theorem and note we denote all multiplications induced by vr by a sign 
of TT for example in order to show the product of a and b induced by tt, we use a-j^b, 
We have the same way to show them for p. Note: If tt'^ and p"^ are the products 
respectively induced by tt and p on {A^ is the unitization of A) then we have 

||(7r#-p#)((a,a)®(6,/3))|| = \\a^b - apb\\ < ||7r - p|| ||a|| {a,b e A). 

And hence 

||(7r#-p#)((a,«)®(6,/3))|| <||7r-p||||(a,a)||||(6,/?)|| 

Thus we have 

IItt* — < IItt — p\\. 

Theorem 2.3. Let (A, vr) be an amenable Banach algebra. If p is another Banach 
algebra multiplication on A such that ||7r — p\\ < j^, then {A,p) is also amenable. 

Proof: 5?/ the note above, we can assume that A has and identity 1 for both 

multiplications vr and p. Let j : A — > A(^A be defined by j(a) =001. 

Then ||j|| < 1 and nj = IcIa- So 7r**j** = IcIa** . It can be easily checked that 

P = ^(^(^A^A)** ~ j**"^** is a projection onto kervr** with norm at most 2. 

By Lemma 2.2, and letting Xi = (A0yl)**and X-2 = A**, Si = tt**,Ti = p**,hy 
K = 1 (since||j**|| < 1), we get that for H^i - TiH = e < 1, p** wih be onto and for 
every F G kervr**, there is S G {A<S)A)** such that p**{B) = p**{F) and 

ll^ll < (1 - e)-^||p**(F)|| = (1 - e)-^\\p**{F) - 7r**{F)\\ < (1 - e)-h\\F\\ 

So F-B e kevp** and \\F - {F - B)\\ = \\B\\ < e(l - e)-i||F||. So that 

sup{d(F,kerp**) : F G ker7r**and||F|| < 1} < e(l - e)'^. 
And similarly by changing the role of Si and Ti, we will obtain 

sup{d(F, fcervr**) : F G kerp**and||F|| < 1} < e(l - e)"^ 

Hence 

d := d(ker7r**,ker/9**) < e(l - e)-^ 

So if e < J, then 

||P|| < 2 < (e(l - e)-^)-^ - 1 < d(ker7r**,ker/9**)-i - L 
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And hence by Lemma 2.1, there exists a Unear homeomorphism a from kerTr** onto 
ker/9** such that 

Hall < (1 -3e)"\||a-^|| < ||P|| < 2 

||F - a(F) II < 3e(l - 3e)-i ||F|| (F G kerTr**) 

\\F - or^{F)\\ < 3e(l - e)-^||F|| {F G kerp**). 

Suppose that F G (A®^) is an elementary tensor say 6 i8) c for 6, c G A. Then for 
a G ^, we have 

Wa.T^F — a.pF\\ = \\a.{b c) — a.p{b (g) c)|| 

= \\ab<Si c — Qph (8) c|| = ||(ap6 — a6)|| ||c|| 
< ||/9-7r||||a(8)6||||c|| 
<e||a||||6||||c|| =e||a|| 



So that 

\\a.T,F-a.pF\\ < e||a||||F|| (a G G 
And by using Goldsteine's Theorem, we have 

lla.^F - a.pF\\ < e\\F\\ {F € (A^A)**) (f) 

Similarly 

llF.^a - F.pa\\ < e\\a\\ \\F\\ {aeA,F£ (A^A)**). 

Now consider the derivation D : A — > kerTr** (= (kervr)**) by D{a) = a®l — l(8)a, 
then amenability of (A, vr) implies the existence of an element ^ G kervr** such that 

a(8>l — l<8)a = a.,r^ ~ ^-kO- {a € A). 
Let S = a{$,) G kerp**. Then we have 

h-TrC - a.pS\\ = \\a.^^ - a.p(a(^))|| 

< ||a.7rC - a-7r(a(0)ll + l|o-7r(a(0) - a-p(a(?))ll 

< 3e(l -3e)-^||a||||C|| + e(l - 3e)-^||a||||C||. (By properties of a and (j)) 

And similarly 

lle^a-J.pall <4e(l-3e)-i||a||||C||. 

So that 

||a (g) 1 — 1 ® a — {a.pd — 6.pa)\\ = ||a.,rC — C-nO- — {a..pS — S.pa)\\ 

< \\a.^( - a.p6\\ + II^.ttO - 5.pa\\ 

< 8e(l -3e)"^||a||. 
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So 

\\a^l-l(^a- {a.pS -S.pa)\\ <0{e)\\a\\ {a E A). ($) 
Where 0(e) — ^ as e — ^ 0+. 

Prom now on all the multiplications we consider are respect to the multiplication 
p on A. We denote the multiplication in A^A"^ by ★p. Also we show the Arens 
product on (A(SiA"P)** with the same notation. So for elementary tensors, 

(a (8) 6) *p {c<Si d) = ac^ db 

For R = ^ - tti iSi bi E kcrp we have 

R-kpS — R = ^(flj iS) bi) -kp S — 6 ^ aibi — ^ (g) 6^ + 1 (2> ^ 0^61 

i i i i 

= ^(aj.p^ - d.ptti - (g) 1 + 1 ® ai).pbi. 



So 



|i?*p 5 — = II ^(ai.p(5 - 5.pai — Oj (g) 1 + 1 (g) ai).p6j|| 

\\t^-p5 - S.p^ + ^ ® 1 + 1 (g ^ 6i 



< ||ii!|| sup ||a.p5 — S.pQ — a (g 1 + 1 (g ajj. 

Now if i? € (kerp)**, then by Goldsteine's Theorem, there exists a net (rj)j with 

||rj|| < ||i?||, in kcrvr such that Tj — >i R wk*. Note that since kerp** = (kcr /?)**, isometrically, 

then for notational convenience, we don't disguise between S as an element in kcrp** 

and its image as an element of (kerp)**. 

Thus 

ri-p5-ri — >i R.pS - R wk*. 
And hence ||-R.p(5 — < sup^ ||ri.p(5 — rj||. So we have 

\\R*p S — R\\ < \\R\\ sup \\a.pd — 6. pa — a g) 1 + 1 g) a|| {R £ (kerp)**). 

aeAi 

And hence by ($), we obtain 

\\Ri.pS-R\\ < 0(e)p|| {R G (kerp)**). 

If we define A : (kerp)** (kerp)** by X{S) = Sicp6, then for e < ^, 

0{e) = (jzl^ < 1 and hence ||A — IdQ^^p)** II < 1 ^^nd thus A will be invertible. 
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Since A is surjective, there exists x G (kerp)** such that \{x) = S. So x-kp6 = S and 
therefore for every y G (kerp)**, we have {y -kp x — y) -kp 5 = but this means that 

A(y -kpx-y) = {y G (kerp)**). 

Now by injectivity of A, we have 

y-kpX = y (y G (kerp)**). 

Hence x will be a right identity for (kcrp)** and hence kerp has a bounded right 
approximate identity. So from [1, Theorem 3.10] , {A,p) is amenable. □ 
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